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Abstract 

A stochastically continuous process ^{t), t > 0, is said to be time-stable if the 
sum of n i. i. d. copies of ^ equals in distribution to the time-scaled stochastic process 
t > 0. The paper advances the understanding of time-stable processes by 
means of their LePage series representations. 


1 Introduction 

The (strict) stability property of stochastic processes is conventionally dehned by requir¬ 
ing that the sum of i. i. d. copies of a process is distributed as the scaled variant of the 
original process. An alternative scaling operation applied to the time argument leads to 
another dehnition of stability. 

Definition 1.1. A stochastically continuous real-valued process ^{t), t > 0, is said to be 
time-stable if, for each n >2, 

6 + --- + ^n~^oM (1) 

where are i. i. d. copies of ~ means the equality of all hnite-dimensional 

distributions and {no ^)(t) = ^{nt), t > 0, is the process obtained by time scaling 

Dehnition 11.11 goes back to Mansuy [TS], where processes satisfying ([T]), regardless 
of their stochastic continuity, are called infinitely divisible with respect to time (IDT). 
Indeed, they are inhnitely divisible in the sense that ^ can be represented as the sum 
of n i. i. d. processes for each n > 2. However, the time-stable name better emphasises 
the particular stability feature of such processes. These processes have been recently 
investigated in [S] and [12], also with a multivariate time argument. Time-stable processes 
with values in can be dehned similarly to Dehnition 11.11 

The major difficulty in the analysis of time-stable processes stems from the necessity 
to work with the whole paths of the processes. The time stability concept cannot be 
formulated in terms of hnite-dimensional distributions at any given time moments, since 
the time argument in the right-hand side of (IT|) is scaled. 

Dehnition 11.11 can be modihed to introduce a-time-stable processes as 

ei + --- + en~ A/“oe, 
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where each a 7 ^ 0 is possible. This concept appears in [ 6 l Ex. 8.12] as an example of 
the stability property in the cone of continuons fnnctions with scaling applied to the 
argument. While such processes (for general a) have been considered in [IT], the process 
t > 0, obtained by time change is time-stable (with a = 1 ) and so it is not 
necessary to study a-time stability for general a 7 ^ 1 . 

Another closely related concept is that of a dilatively stable process ( that satisfies 
the following scaling relation for some a > 0 , h G ( 0 , 2a], and all n >2: 

Cl + • • • + Cn ~ ^ ^ 

see [13], where such processes are also assumed to possess moments of all orders. If ( is 
dilatively stable, then C(t) = t > 0, satishes ([ 1 ]) and so is a time-stable 

process if it is stochastically continuous. 

Barczy et ah P defined {pi, P 2 )-aggregate self-similar processes ( by the following 
scaling relation 

Cl + ■■■ + Cn ^ nP^{n-P^ O 0 , 

so that for pi = p 2 one recovers the aggregate similar process from [13]. It is easy to see 
that tP^({t~P^), t > 0, satisfies (P, so that this and other above mentioned generalisa¬ 
tions may be obtained by time and scale change from time-stable processes. A similar 
concept was studied by Penrose [21], who called a stochastic process f semi-min-stable if 
min(Ci(t),... ,Cn{t)) shares the finite-dimensional distributions with n~^f{n°‘t), t > 0. 

Section [2] discusses elementary properties and examples of time-stable processes. The 
infinite divisibility of such processes makes it possible to use their spectral representation 
obtained in na and then show that the Levy measure is homogeneous with respect to 
time scaling, see Section [3l The main result of Section 0] and of the whole paper is 
the LePage representation of time-stable processes whose Levy measures are supported 
by the family of right-continuous functions with left limits. In particular, this is the 
case for non-negative processes. The obtained LePage representation yields the series 
representations for dilatively stable and aggregate self-similar processes. The structure of 
pure jump time-stable processes is closely related to the stability property of marked point 
processes; in this case the LePage representation is similar to the cluster representation 
of inhnitely divisible point processes, see Section O 

The concept of time stability allows generalisations in various directions. The neces¬ 
sary structure consists of a time set which is invariant under scaling by arbitrary positive 
real numbers and an associative and commutative binary operation which is applied point- 
wisely to the values of processes. For instance, the definition applies also to stochastic 
processes defined on the whole line and on or with addition replaced by the maximum 
operation. 

While ([I]) actually dehnes a strictly time-stable stochastic process, the stability con¬ 
cept can be relaxed by replacing the right hand side with n o ^ for deterministic 
functions {fn}- Furthermore, it is possible to consider random measures stable with re¬ 
spect to scaling of their argument (see El Ex. 8.23]) and generalised stochastic processes 
(i. e. random generalised functions). 
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2 Elementary properties and examples 

The following result provides an alternative definition of time-stable processes. 

Proposition 2.1. A stochastically continuous process ^{t), t > 0, is time-stable if and 
only if 

ao bo ^2 ^ {a +b) o ^ (2) 

for all a,b > 0, where and ^2 are independent copies of f. 

Proof. The sufficiency is evident. The necessity is hrst shown for positive rational a, b and 
then for all positive a, b by approximation using the stochastic continuity assumption. □ 

Each Levy process is time-stable. If f is time-stable, then it is inhnitely divisible, so 
that there always exists the unique Levy process f, called the associated Levy process of 
f, such that ^(1) coincides in distribution with ^(1). Since f is stochastically continuous, 
f(t) coincides in distribution with ^(t) for each given t (see [ISl Prop. 4.1]), so that the 
characteristic function of f{t) is given by 

Eexp{zA.^(f)} = exp{—f\h(A)} , t>0, (3) 

where T denotes the cumulant of f. In view of this, T is also called the cumulant of f. 
The higher order hnite-dimensional distributions of f and f may differ. 

It follows from ([3]) that f{t) weakly converges to 0 as t 0, which corresponds to the 
stochastic continuity of f, since ^(0) =0 a. s. by ([I]). The only a. s. constant time stable 
process is the zero process. 

Comparing the one-dimensional distributions shows that if the non-degenerate time- 
stable process is a. s. non-negative for any f > 0, then it is a. s. non-negative everywhere, 
its one-dimensional distributions are increasing in the stochastic order, and sup^>Q.^(t) is 
a. s. inhnite. In contrast to Levy processes, non-negative time-stable processes need not 
be a. s. monotone, see Example 12.31 

Theorem 2.2. A time-stable process f is identically distributed as the sum of a linear 
function, a centred Gaussian process with the covariance function C{t, s) that satisfies 
C{ut,us) = uC(t,s) for all t,s,u > 0, and an independent time-stable process without 
Gaussian component. 

Proof. Since f is inhnitely divisible, its hnite-dimensional distributions are inhnitely di¬ 
visible. The rest follows by comparing the Levy triplets of the n-fold convolution of 
..., ^(tfc)) and of {fijiti ),..., ^(ntfc)) for any ti,..., 4 > 0 and k,n>l. □ 

Various characterisations of Gaussian time-stable processes are presented in [18]. In 
the following we mostly consider time-stable processes without a Gaussian part. 

Example 2.3 (cf. [IH])- Let ^ be a time-stable process. For ci,...,Cm £ IP and 

"51, ... , SjTi ^ 0, 

m 

^{t) = '^Cif{tSi), t>0, 
i=l 

is a time-stable process. For instance, if N(t), f > 0, is a homogeneous Poisson process, 
then N{2t) — N{t), t > 0, is a non-monotonic a.s. non-negative time-stable process with 
the standard Poisson process as its associated Levy process. 
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Example 2.4 (cf. [E]). Let C be a strictly a-stable random variable with a G (0,2], 
Then ^{t) = t > 0, is a time-stable stochastic process. In particnlar, if ( is 

normally distribnted, then ^(t) = \/i( is time-stable. If a = 1, then = (t for the 
Canchy random variable (. This yields a time-stable process with stationary increments, 
which is not a Levy process. This constrnction can be generalised by letting 

m 

= t>0, (4) 

i=l 

for constants Ci,..., Cm and independent random variables Ci,..., Cm that are strictly 
stable with parameters ai,...,am- The independence condition can be relaxed if the 
vector C = (Cl,..., Cm) is mnlti-stable meaning that the snm of its n i. i. d. copies is 
distribnted as • • • ) '^^/"’"Cm) for every n>2. 

The following constrnction is similar to the constrnction of snb-stable random ele¬ 
ments, see [221 Sec. 1.3]. 

Example 2.5 (Snb-stable processes). Consider the process X{t) = C(f^^“C)) t >0, where 
C is time-stable and C is an independent of C positive strictly a-stable random variable 
with a G (0,1). Conditioning on i. i. d. copies Ci, C 2 of C and using Proposition 12.11 we 
obtain that for i. i. d. copies Xi, X2 of X and any a, 6 > 0 

a o Xi(f) + 6 o X2{t) = Ci(a'foCif'''“) + 6(fo/“C2fo/“) 

~C((a^/“Ci + &^/“C2)fo/“) 

~ C((a + = {a + b)o X{t) , f > 0 , 


showing the time stability of X. 

Example 2.6 (Subordination by time-stable processes). Let X be a Levy process and 
let C be an a. s. non-decreasing independent of X time-stable process. Then X(C(t)) 
is also time-stable. This fact was proved using characteristic functions in [HI Th. 3.6]. 
The famous variance gamma process used in hnance (see, e. g. DU) appears if X = IT 
is the Brownian motion and ^{t) is the gamma subordinator. The construction from 
Example I2.3l snggests further variants of the variance gamma process, e. g. (t) - 1 -.^(2t)). 

A stochastic process ^ is called H-self-similar if for any c > 0 

c o ^ ~ (5) 

where iL > 0 is called the Hurst index or self-similarity index. A time-stable process is 
strictly a-stable if and only if it is 1/a-self-similar, see [HI Prop. 3.1]. By [25l Th. 7.5.4], 
any time-stable process, which is also a-stable with a G (0,1) and has stationary incre¬ 
ments, is a Levy process. 

Example 2.7 (Sub-Gaussian time-stable process). Each Gaussian time-stable process 
is i-self-similar. Therefore, a fractional Brownian motion rj{t), t > 0, with Hurst index 
77 7 ^ i is not time-stable. Since a Gaussian self-similar process with stationary increments 


4 



is necessarily a fractional Brownian motion, see [71 Th. 1.3.3], the only Gaussian time- 
stable process with stationary increments is the Brownian motion. It is possible to obtain 
a sub-Gaussian time-stable process as 

where a G (0,1) and Z is an a. s. positive a-stable random variable independent of r]. 
In particular, if if = l/(2a) for a G [1/2,1), then ^(t) = Z^^‘^T](t) and if if = |, then 
^{t) = for the Brownian motion rj. 


3 Levy measures of time-stable processes 

The time stability property of the process ^ implies its infinite divisibility. Each stochas¬ 
tically continuous process satisfies Gondition S from [25], which requires the existence 
of an at most countable set Tq C [0, oo) such that for all t > 0, there exists a sequence 
tn G To, n > 1, such that Htn) converges to ^{t) in probability. The spectral repre¬ 
sentation of inhnitely divisible stochastic processes that satisfy Gondition S and do not 
possess a Gaussian component is obtained in [TTl Th. 2.14] using a Poisson process on 
a certain space (G, 5^) with a a-hnite measure /r. Reformulating this result for (G, 3^) 
being the space with the cylindrical cx-algebra £ yields that an infinitely divisible 

stochastically continuous process ^ admits a spectral representation 

m ^ c(i) + j f(t)dnQ{f) . (6) 

where c is a deterministic function and fig = f > 1} is the Poisson process on 

\ {0} with a (j-£nite intensity measure Q such that 

[ min(l,/(f)2)Q(f/) < cx) (7) 

for all f > 0. The measure Q is called the Levy measure of The integral with respect 
to fig in ([6|) is defined as the a. s. existing limit of the compensated sums 


where 


lim 

r4.0 


/iGlTg 


L{u) = 


- [ L{f{t))Q{df) , 

(8) 

J{f - \m\>r} 


U, M < 1 , 

1 , M > 1 , 

— 1, M < —1 , 

(9) 


is a Levy function, see also [12] . 

Furthermore, [HI Th. 2.14] ensures the existence of a minimal spectral representation, 
meaning that the cr-algebra generated by {/ : f{t)^A} for all f > 0 and Borel ^4 C M 
coincides with the cylindrical cr-algebra on up to Q-null sets and there is no set 

B E with Q{B) > 0 such that for every t > 0, Q{{f G B : fit) ^ 0}) = 0. In the 
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following assume that the cx-algebra on is complete with respect to Q. By m 

Th. 2.17]), the minimal spectral representation is unique up to an isomorphism, and so 
the Levy measure is well dehned. 

The stochastic continuity of ^ yields that ^ has a measurable modihcation, see HDl 
Th. 3.3.1]. Then [TTl Prop. 2.19] establishes that the representation ([H]) involves a measur¬ 
able function c(t), t > 0, and that the functions / can be chosen to be strongly separable. 
The latter means that there exists a measurable null-set flo C and a countable set 

Q C [0, cx)) (called a separant) such that, for each open G C [0, oo) and closed F C M, 
we have 

{/: /(f)eFVfeGnQ}\{/: /(f) e F Vf e G} c flo • (10) 

The process / is symmetric, i. e. ^ coincides in distribution with if and only if its 
Levy measure Q is symmetric and c identically vanishes. Then the compensating second 
term in (jHj) vanishes for every r > 0 . 

If (j7]) is strengthened to require 


/ min(l, |/(f)|)Q(d/) < CX), (11) 

then the integral ([ 6 ]) is well dehned without taking the limit and without the compensating 
term in ([ 8 ]), so that 

««) c(t) + ^ /.(i) (12) 

fi&^Q 

for a deterministic function c. It is well known that flTT]) holds if ^{t) is a. s. non-negative 
for all f > 0, see e.g. [26l Th. 51.1]. 

Representation flT^ shows that if the process is monotone (resp. non-negative), then 
the measure Q is supported by monotone (resp. non-negative) functions. 

Lemma 3.1. For each Borel B C and s > 0, the set s o B = {s o f : / g B} is 

also Borel in . 

Proof. The set s o B \s Borel if F is a cylinder, and the statement follows from the 
monotone class argument. □ 

The next result follows from the fact that /(O) = 0 a. s. for a time-stable process f. 

Lemma 3.2. The Levy measure of a time-stable process is supported by {/ E : 

/( 0 ) = 0 }, 

Lemma 3.3. An infinitely divisible stochastically continuous process ^ without a Gaussian 
component is time-stable if and only if c(t) = bt, t > 0, is a linear function for a constant 
6 G M and the Levy measure Q satisfies 

Q{s o B) = s~^Q{B), s>0, (13) 


for all Borel B C 
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Proof. The sufficiency follows because the hnite-dimensional distributions of ^ admit the 
characteristic function 


Eexp{*^0j^(fj)} 

j 


= exp 




+ 


j 



(14) 


Now assume that ^ is time-stable. Comparing the characteristic functions of the finite- 
dimensional distributions for the processes in the left and right-hand side of ([2]) shows 
that the function c is linear. 

The Levy measure corresponding to the minimal spectral representation of the process 
in the left-hand side of ([2D is Q{a~^ o B) + Q{b~^ o B). In view of the uniqueness of the 
minimal spectral representation m Th. 2.17], the Levy measures of the processes in the 
left and right-hand sides of (ED coincide. Thus 

Q{a-^ o B) + Q{b-^ o B) = g((a + b)-^ o B) 

for all a,b > 0 and all Borel B C Given that Q is non-negative, [3l Th. 1.1.7] 

yields that o 5) is a linear function of s, i. e. flTsp holds. □ 


The same scaling property for the Levy measure appears in [HI Lemma 5.1] and later 
on was reproduced in in Prop. 4.1] for time-stable processes with paths in the Skorokhod 
space of right-continuous functions with left limits (cadlag functions). The proof there 
is however incomplete, since it is not shown that the Levy measure of such a process is 
supported by cadlag functions. 

Proposition 3.4. If ^{t), t > 0, is a time-stable cadlag process with a. s. non-negative 
values, then its Levy measure Q is supported by cadlag functions. 

Proof. In this case the Levy measure Q satisfies (na and so ^ admits the representation 
ffT2D . If is an independent copy of then is symmetric and has the series 

decomposition with the Levy measure supported by cadlag functions, see [221 Th. 4]. 
The support of Q is a subset of the support of the Levy measure for f — C- D 


4 LePage series representation 

In hnite-dimensional spaces. Levy measures of strictly stable laws admit a polar decom¬ 
position into the product of a radial and a hnite directional part and the corresponding 
sum (if necessary compensated) of points of the Poisson process is known as the LePage 
series, see [23 Cor. 3.10.4] and [T6l 1^ . The LePage series can be dehned in general 
spaces [6] , where they provide a rich source of stable laws and in many cases characterise 
stable laws. However, the general conditions of [6] do not hold for the case of time-stable 
processes. 

The following result provides the LePage series characterisation for time-stable pro¬ 
cesses without a Gaussian part and whose Levy measure is supported by the family D' 
of not identically vanishing cadlag functions on [0, oo). We endow the family D' with the 
topology and the cr-algebra induced from Let Dq be the family of not identically 

vanishing cadlag functions that vanish at the origin. 
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Theorem 4.1. The following statements are equivalent for a stochastically continuous 
process ^(t), t > 0. 

i) The process f is time-stable without a Gaussian part and with the Levy measure Q 
supported by D'. 

a) The stochastic process f is infinitely divisible without a Gaussian part, with a de¬ 
terministic linear part, its Levy measure Q is supported by Dg, and 

roo 

Q{B)= / a{toB)dt (15) 

Jo 

for all Borel sets i? C Dg and a probability measure a on Dg such that 

minil, f{tf‘)t~‘^dta{df) < oo . (16) 

Hi) The stochastic process f has the same distribution as 



ct + lim 

r4,0 


CO 


i=l 


E 


L{e{s T))l|<,(^-it)|>^rfs 


t>0, (17) 


where the limit exists almost surely, c & M is a constant, L is defined as in ([2]) and 
{ei,i > 1 } is a sequence of i. i. d. stochastic processes distributed as e, where e a. s. 
takes values in Dg, 

poo 

E / mm{l, s{ty)t~'^dt < oo , (18) 

Jo 

and {Fj,* > 1 } is the sequence of successive points of a homogeneous unit intensity 
Poisson process on [0, oo). 

Proof. By Lemma ESI a time-stable process can be alternatively described as an infinitely 
divisible stochastically continnous process whose Levy measure Q satisfies flT^ . It is 
obvious that Q given by flT5|l satisfies flT^ . It remains to show that the scaling property 
fir3|l yields flT5|l . so that (i) implies (ii). 

The following construction is motivated by the argument used to prove P Th. 10.3]. 
By Lemma ESI Q is supported by Dg. Decompose Dg into the union of disjoint sets 


Xo = {/ : sup|/(t)| > 1}, 
t>o 

and 

Xfc = {/: sup|/(t)| e (2-^2-'^+l]}, k>l. 
t>o 

Recall the separant Q and the exceptional set Dq from flTOj) . Since 


XS = {/: |/(t)| <l,te [0,oo)}, 




we have that 


Xo \ {/ : sup |/(t)| > 1} C 1^0 • 

teQ 

Similarly, 

Xfc\{/: sup |/(^)|e( 2 -^ 2 -^+ 1 ]} 

iGQ 

for all /c > 1. In view of the completeness assumption on the a-algebra, all sets X^, fc > 0, 
are measurable. 

For each k > 0, define the Borel map : X^. —)■ (0, cxd) by 

rfc(/) = inf{t > 0 : |/(t)| > 2 "''} , / G X^,. 

Since all functions from Dq vanish at the origin, Tk{f) is strictly positive and finite, and 
Tk(c o /) = c~^Tk{f) for all c > 0. Let 

Sfc = {/eX, : Tk{f) = l}. 

Then |/(1)| > 2“^ for all f E §>k, k > 0, and each function g E can be uniquely 
represented as s o / for / G §fc and s > 0. The maps (/, s) i—)■ s o / and g i—)■ {Tk{g) o 
g, Tk{g)~^) are mutually inverse Borel bijections between x (0, cxd) and X^. This is seen 
by restricting / onto a countable dense set Q in [0, cxo) and applying Lemma [3Tl 
Since / G §*, is right-continuous, 

Afc(/) = sup{t G Q : |/(s)| > 2"^"^ for all s G [1,1 t]} 

is strictly positive and measurable for each k > 0. Define 


Sfco — {/ £ Sfc : Afc(/) > 1} , 

Skj = {/ G : Akif) G (2-^ 2-^+1]} , j > 1. 

Then §>k is the disjoint union of E>kj for j > 0 and X^ is the disjoint union of 

Xkj = {s o f : f e Skj, s > 0 } , j > 0 . 

Fix any k,j > 0. Then 

Qkj = Q({s o / : / G Sfcj, s G [1,1 2“^]}) 

<Q({/gD' : |/( 1 )|> 2 -^- 1 }) 

< 2 ^^+^ / min(l,/(l) 2 )Q(d/) 

< 2^^+^ j min(l, f{lf)Q{df) < oo . 


By (USD, 

Q({s o / : / G Sfcj, s > 1}) 

OO 

< ^ Q({s o / : / G Skj, s E [(1 + 2 (1 + 2 

i=0 

OO 

= ^(1 + < oo. 

i=0 
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Thus, Q restricted onto Xkj is a push-forward under the map (/, s) — )■ so/ of the 
product rjkj ® 9 of a. hnite measure rjkj supported by E>kj and the measure 9 on (0, oo) 
with density s~‘^ds. Let Ckj be some positive number, then the measure Ckj dehned on 
by o'kjiB) = CkjTjkjic^j o B) assigns all its mass to the set Ckj o E>kj- Then the push- 
forward of akj ® 9 under the map (/, s) — )■ s o f is Q restricted on Xkj and the total 
mass of akj equals Ckjrikj(§>kj)- By choosing Ckj appropriately, it is always possible to 
achieve that a = J2k j>o ^kj is a probability measure on Dq. Combining the push-forward 
representations of Q restricted to Xkj, k,j > 0, we see that Q is the push-forward of a 06 * 
and so (IT^ holds. Given ffTSj) . (flbll is equivalent to ([7]). 

The equivalence of (ii) and (hi) is immediate by choosing £ to be i. i. d. with distribu¬ 
tion a and noticing that ([TB]) is equivalent to 0181) and that the limit in f[T7)) corresponds 
to the limit in ([ 8 ]). □ 

Remark 4.2. There are many probability measure a that satisfy OlSp . and so the distri¬ 
bution of e in (ITT)) is not unique. For example, it is possible to scale the arguments of 
{ei,i > 1} by a sequence of i. i. d. positive random variables of mean one. The measure 
a constructed in the proof of Theorem 14.11 is supported by the set § C D' such that if 
/ and CO f with c > 0 both belong to S, then c = 1. The distribution of £ is unique 
if £ is supported by a measurable set §' C Dq such that each / G Dq can be uniquely 
represented as c o for c > 0 and 

Remark 4.3. It follows from |21 Th. 3.1] that the LePage series fll7p converges uniformly 
for t from any compact subset of (0,cx)). If H(t,r,V) = e{t/r), then Condition (3.3) of 
[ 2 ] becomes 

poo 

/ P{{£iti/r),...,e{tk/r)) e B}dr = Q{{f : (/(fi),...,/(4)) G 5}) 


for all Borel i? in \ {0}, ti,... ,tk, and k > 1. 

Theorem 4.4. A stochastically continuous stochastic process ^ is time-stable without a 
Gaussian part and with the Levy measure Q supported by D' and satisfying dll if and 
only if 




~ ct 


(>o, 


(19) 


2=1 


where the series converges almost surely, c is a constant, {si, i > 1} is a seguence of i. i. d. 
stochastic processes with realisations in Dq such that 


E / min(l, |e:(f)|)f "^dt < oo , 

Jo 


( 20 ) 


and {Tj,* > 1} is the seguence of successive points of the homogeneous unit intensity 
Poisson process on [0, oo). 

Proof. It suffices to note that (1201) is equivalent to (ITTD . □ 

Remark 4.5. Condition fl20p (respectively (ITsp i holds if 'Ej\e(t)\t~‘^dt < oo (respectively 
E(e(t)^)t~'^dt < oo). 
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Remark 4.6. The time-stable process given by flT^ has the cumulant 

roo 

T(A) = -tXc + E(1 - . 

Jo 

Corollary 4.7. Each a. s. non-negative cadlag time-stable process admits the LePage 
representation (HH). 

Remark 4.8. Analogues of the above results hold for time-stable processes with values in 
This can be shown by replacing E>kj from the proof of Theorem 14.11 with the Cartesian 
product of d-tuples of such sets x • • • x ki,ji > 0, i = 1,... ,d, constructed for 

each of the coordinates of the process. In particular, Corollary 14 . 71 applies for time-stable 
processes with values in 

Example 4.9 (Levy processes). The spectral representation of a Levy process ^ without 
a Gaussian part can be obtained by setting fi(t) = milt>Ti, where i > 1} is a 

marked Poisson process on (0, cxd) x (M \ {0}) with intensity measure being the product 
of the Lebesgue measure and a Levy measure A on M \ {0}. Indeed, then 


m 


T> 


ct -|- lim 

r4,0 


\xi\>r 


Xil 


ti<t 


— t 


|x|>r 


L{x)A{dx) 


which is the classical decomposition of a Levy process. In view of the uniqueness of the 
minimal spectral representation, the Levy measure Q is supported by step functions of the 
type By Theorem 14.11 ^ admits the series decomposition flT7|) with e(t) = 

where fllSp corresponds to E[min(l, r]‘^)C] < oo. Following the construction from the proof 
of Theorem 14.11 the joint distribution of {ri,() can be constructed as follows. Denote 
Bo = {x ^ |x| > 1} and Bk = {x G M. : 2~^ < |x| < 2 “^+^}, fc > 1, let qk = A{Bk), 

k > 0, and choose strictly positive {ck, > 0} such that YlT=o^kqk = 1- Then, for every 
Borel A C M \ {0}, 

P{ri e A, C = = A(A n Bk)ck for every fc > 0. 


It is easy to see that 

E[min(l, = / mm{l,x‘^)A{dx). 

Jm\{o} 

If ^ has bounded variation, then Theorem 14.41 applies and 

OO 

^{t) ~ ct + ^riiltQ>r, 

i=l 

provides a LePage representation of cf. [23] for the LePage representation of Levy 
processes on [0,1]. The choice of e{t) = rilt>i, t > 0, yields the compound Poisson 
process ^(f), which becomes the standard Poisson process if 77 = 1 a. s. 

Note that the time and the size of the jump of £ may be dependent. For instance, let 
e{t) = T]lt>rj for a positive random variable rj. This random function always satisfies fl2U]) 
and yields the Levy process 

OO 

i=l 

with the cumulant T(A) = E[(l — e'^^^)r]~^]. 
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Example 4.10. If e{t) = where a G (0,2) and rj is a symmetric random variable 

with E|? 7 |“ < oo, then the LePage series flT^ converges a. s. by [25l Th. 1.4.2] and 
^{t) = ct + for a symmetric a-stable random variable see Example 12.41 In case 
a < 1, the symmetry of f] is not reqnired for the convergence of the LePage series and ( 
is strictly a-stable by [251 Th. 1.4.5]. 


Example 4.11. Choosing e to be a stochastic process with stationary increments yields 
examples of time-stable processes with stationary increments which are not Levy pro¬ 
cesses. For instance, let e be the fractional Brownian motion with the Hnrst parameter 
H G (|, 1). Then fflSl) holds, since 


E 


min(l, ^dt < I Ee(f)^f ‘^dt= I “^dt < oo. 


Example 4.12. Let e{t) = f > 0, for a G (0,1) and a time-stable process ^ snch 

that E|,^(l)| < oo, so that fl20|l holds, since 

f E|e(fi/“)|rtt = E|^(l)| f t^/^-^dt < oo. 

Jo Jo 

By conditioning on {Pj} and nsing Proposition 12.11 one obtains that 

OO OO OO 


i=l 


2 = 1 


2=1 


for a strictly a-stable non-negative random variable ( independent of In this case the 
LePage series yields a representation of a snb-stable process from Example 12.51 

Example 4.13. Let be a non-decreasing time-stable process that admits the LePage 
representation flT^ with c = 0. If {Xi,i > 1} are i. i. d. copies of a Levy process X 
independent of then 

OO 

^V(£.(r-‘«)) 

2=1 

is the LePage representation of the time-stable process X{^{t)) from Example 12.61 This 
is seen by conditioning npon Si and Pj, i > 1, and noticing that X is stochastically 
continnons. 


Example 4.14. Consider e(t) = (t^ — 1)+, i. e. the positive part of — 1), where /? > 1. 
If /3 = 1, then the graph of ^ is a continnons convex broken line with vertices at (0, 0) 
and at 

n 

(P„,Pn^P"^-n), n>l. 

2=1 

In order to obtain a differentiable cnrve, it is possible to nse e(t) = (t — 1)^ for (3 > 1. 
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5 Time-stable step functions 

Assume that ^ is a pure jump time-stable process, i. e. its paths are cadlag piecewise con¬ 
stant functions with finitely many jumps in each bounded Borel subset of [0, cx)) and a. s. 
vanishing at zero. In view of the assumed stochastic continuity and m Lemma 1.6.2], 
the jump times of ^ have non-atomic distributions. The pure jump part of any cadlag 
time-stable process is also time-stable. This applies to the process of jumps larger than 
5 > 0 in absolute value by noticing that the jump part of the sum of two independent 
stochastic processes with non-atomic distribution of jump times is equal to the sum of 
their jump parts. 

Let A1((0, oo) X M) denote the family of marked point configurations on (0, oo) with 
marks from R. A marked point process is a random element in A1((0, cxo) x R), see [H 
Sec. 6.4]. The successive ordered jump times {rk} and the jump heights {m^} of a pure 
jump time-stable process ^ form the marked point process M = {(r^, m^), k > 1}, so that 

^{t) = f > 0. 

Tt,<t 

The sum is finite for every t, since the process is assumed to have only a finite number of 
jumps in any bounded interval. This construction introduces a correspondence between 
pure-jump processes and marked point processes. Note that M is a random closed (and 
locally hnite) set in (0, cxd) x R, see [20]. If convenient, we treat M as a random counting 
measure, so that M{A x B) equals the number of pairs (ta,, mk) that lie in A x i? for Borel 
A C (0, cxd) and 5 C R. Note that M{A x R) < cxd for all bounded Borel A C (0, oo). The 
process ^ is compound Poisson if and only if M is an independently marked homogeneous 
Poisson process, i. e. the jump times form a homogenous Poisson process on (0, oo), while 
the jump sizes are i. i. d. random variables independent of the jump times. 

Proposition 5.1. The time of the first jump of a cadlag time-stable process, as well as 
the time of the first jump of size at least a given h > 0 have an exponential distribution. 

Proof. Observe that the time of the hrst jump of the sum of n independent processes 
equals the minimum of the first jump times ri,..., of all summands. Then ([T|) yields 
that n~^T has the same distribution as the minimum of n i. i. d. copies of r and so 
characterises the exponential distribution. The same argument applies to the first jump 
of size at least <5 > 0. □ 

The time of the second jump is not necessarily distributed as the sum of two indepen¬ 
dent exponential random variables, since the times between jumps may be dependent and 
even the gap between the first and the second jump is no longer exponentially distributed 
in general. 

Example 5.2. Let N be the standard Poisson process, and let ^ be an independent 
increasing time-stable process. Then N{^{t)) is a pure jump time-stable process, see 
Example 12.61 In particular, the time r of its first jump is exponentially distributed and 
T = inf{t : ^{t) > (} for the exponentially distributed random variable ( independent of 
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Scaling the argument of a pure jump process ^ can be rephrased in terms of scaling 
the marked point process M corresponding to so that a o ^ corresponds to the marked 
point process 

a-^ oM = {(a'Vfc, rrik) : k > 1}) . 

The sum of independent pure jump processes corresponds to the superposition of the 
corresponding marked point processes. The next result relates the time stability property 
to the union-stability of random sets (see Sec. 4.1.3]); it immediately follows from 

(HI)- 

Proposition 5.3. A stochastically continuous pure jump process ^ is time-stable if and 
only if its corresponding marked point process M is a union-stable random closed set in 
the sense that 

Ml U • • • U Mn ~ n~^ o M (21) 

for each n>2, where Mi ,..., are independent copies of M. 

Corollary 5.4. A stochastically continuous pure jump process f is time-stable if and only 
if f for the pair of stochastically continuous pure jump processes (^+,^_) that 

form a pure jump time-stable process with values in 

Proof. For {T,m) G (0, cxd) x M let f{T,m) = (r, m+,m_), with m_|_ and m_ being the 
positive and negative parts of m G M. Then M satishes if and only if f{M) satishes 
the analogue of fl2T|) with the scaling along the hrst coordinate. Finally, this property 
of f{M) is a reformulation of the time-stability of (.^+,.^_), where is the sum of all 
positive jumps of ^ and is the sum of all negative jumps. □ 

Theorem 5.5. A stochastically continuous pure jump process ^ is time-stable if and only 

OO 

( 22 ) 

i=l 

where {Fj} form a homogeneous unit intensity Poisson point process on (0, cx)), and 
{ei,i > 1} are independent copies of a random step function e which is independent of 
{Fj} and satisfies fl2U]) . 

Proof. Sufficiency is immediate and follows from Theorem 14.41 For the necessity, consider 
the map / from the proof of Corollary 15.41 and note that f{M) is an infinitely divisible 
point process on (0, cx)) x It is well known (see e.g. [3 Th. 10.2.V]) that such 
infinitely divisible marked point process can be represented as a superposition of point 
conhgurations that build a Poisson point process on A1((0, cx)) x M+). The unique inten¬ 
sity measure Q of this Poisson process is called the KLM measure of M. This measure 
can also be viewed as the Levy measure, see [6l Cor. 6.9]. 

Each point configuration from A1((0, cx)) x M^) corresponds to a pure jump function. 
The push-forward of Q under this correspondence is the Levy measure of (^+,^_) that is 
supported by pure jump (and so cadlag) functions. Since the components of (^+,^_) are 
non-negative. Remark 14.81 yields its representation as 

OO 

i=l 

so that f admits the series representation fl22|) with e = s' — e". □ 
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Remark 5.6. In the classical LePage series for random vectors, it is possible to scale the 
directional component to bring its norm to 1. However, it is not possible in general to 
rescale the argument of {si^i >1} from fl22l) in order to ensure that each function has 
the hrst jump at time 1. 

Remark 5.7. It is possible to derive Theorem 15.51 from the LePage representation of the 
marked point process M as the union of clusters corresponding to the Poisson cluster 
process determined by Q. The corresponding series representation then becomes 

OO 

M = \jT,oEi, 

i=l 

where {Ei,i > 1} is a point process on A^((0, cxo) x M^) with the intensity measure Q. 
If e has a single jump only, then fl22|) yields a Levy process, see Example 14.91 

Example 5.8. Let e{t) = [f] be the integer part of t. Then 

OO 

«i) = E ■ 

k=l 

where N{t) is the Poisson process. For every t > 0, the series consists of a hnite number 
of summands and so converges almost surely. Note that ^{t) is not integrable for f > 0. 
The jump sizes of ^ are always one, and the jump times form a point process on M_|_ 
obtained as the superposition of the set of natural numbers scaled by P*, i > 1. 
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